Electronic, structural, vibrational and elastic properties of PaN have been studied both at ambient and high pressures, using first principles methods with several commonly used parameterizations of the exchange-correlation energy. The generalized gradient approximation (GGA) reproduces the ground state properties satisfactorily. Under pressure PaN is found to undergo a structural transition from NaCl to the R-3m structure near 58 GPa. The high pressure behavior of the acoustic phonon branch along the (1,0,0) and (1,1,0) directions, and the C 44 elastic constant are anomalous, which signals the structural transition. With GGA exchange-correlation, a topological transition in the charge density occurs near the structural transition which may be regarded as a quantum phase transition, where the order parameter obeys a mean field scaling law. However, the topological transition is absent when other exchange-correlation functionals are invoked (local density approximation (LDA) and hybrid functional). Therefore, this constitutes an example of GGA and LDA leading to qualitatively different predictions, and it is of great interest to examine experimentally whether this topological transition occurs.
high pressure behavior of elastic and vibrational properties of this system will be important in order to identify the origin of the pressure induced structural transitions.
In this work the structural properties of PaN under pressure have been studied by calculation of enthalpies using both LDA and GGA exchange-correlation functionals. It is found that at high pressure PaN follows UN and undergoes a structural transition from the B1 to the R-3m structure. The GGA transition pressure is 58 GPa. The high pressure behavior of the calculated acoustic phonon dispersion and the C 44 elastic constant are anomalous, and the C 44 elastic constant is softening few GPa above the pressure of the structural transformation. The electronic charge density is a quantum observable, which is supposed to be calculable from DFT, and which may also be determined experimentally via x-ray or combined x-ray and polarized neutron diffraction techniques for magnetic systems. 16, 17 Analyzing the calculated charge density of PaN, we have found that for the GGA functional a topological transition in charge density occurs close to the structural transformation. This is similar to a high-pressure iso-structural transition in Ca. 18 For PaN, the structural transition occurs for all parameterizations of DFT considered here, i.e LDA, GGA, LDA/GGA+U, LDA/GGA+SO+U (SO: spin orbit interaction) and the hybrid method. In contrast, the topological transition in charge density is obtained only for GGA based approaches i.e. GGA, GGA+U and GGA+SO+U, and it remains a question whether it is an artifact of the GGA approaches, or a genuine physical effect, which is observable but captured neither by the LDA nor by the hybrid functional.
II. METHOD OF CALCULATIONS
To determine the high pressure structural stability of the B1, B2 and R-3m structures for PaN the enthalpies were calculated at different pressure and as a function of the rhombohedral angle, using the Vienna Ab-initio Simulation Package (VASP). [19] [20] [21] [22] A rhombohedral cell was considered because all three structures studied may be cast into this cell by varying the cell angle. Phonon dispersion relations were calculated within the small-displacement force method using a 3×3×3
supercell. The displacement pattern was determined and the dynamical matrix solved using the PHON software. 23 The elastic constants were determined from energy-strain relations which were obtained by calculation of the total energy for different strains, like volume, tetragonal and trigonal strains. The details of the calculations of phonon dispersions and elastic constants can be found in our earlier study 14 on ThN and UN. For all these calculations the projector augmented wave (PAW) potentials with 1000 eV plane-wave energy cut-off were used. In the PAW potentials 5f 2 , 6p 6 , 6d 1 ,7s 2 ; and 2s 2 , 2p 3 were considered as the valence configurations for the Pa-and N-atom, respectively. The Brillouin zone (BZ) integration was carried out using a uniform Monkhorst-Pack 24 k-point grid (20×20×20 for the NaCl structure). The GGA-PBE 13 parameterization of the exchange-correlation functional was used for the majority of calculations, while we also checked the effect of on-site Coulomb correlations for the f electrons and the spin-orbit (SO) interaction on the equilibrium properties and on the phase stability. The Figure1 shows the enthalpy variation with the rhombohedral angle in the R-3m structure at a few selected pressures. At ambient pressure the enthalpy minimum at α=60 ○ corresponds to the NaCl structure. The B2 structure which corresponds to α=90 ○ also in a local minimum (not shown), however its enthalpy is much higher compared to that of NaCl. Under pressure a new local minimum develops at lower angle which becomes the absolute minimum at the transition pressure. The calculated transition pressure is 58 GPa. The change in rhombohedral angle is finite at the transition, i.e. it is a first-order transition, however with such a small energy barrier that it probably will look like a continuous transition in experiment. Therefore a lattice distortion characterizes the transition where the atoms occupy the same crystallographic positions ( (1a) and (1b) of the R-3m structure) before and after the transition. Just above the transition pressure the minimum corresponding to the NaCl structure remains a local minimum, until at a slightly higher pressure it exhibits a negative curvature with respect to variation of α, as illustrated in figure 1 (inset) for p=65 GPa. Also we found that the R-3m structure is unstable at ambient pressure, i. e., there is no local minimum corresponding to R-3m, as it converts to the NaCl structure under relaxation (here rhombohedral angle). We have calculated the equations of states for the B1, B2 and R-3m structures up to 150 GPa and found that for pressures above 58
GPa the most stable structure occurs for an angle α≠60 ○ , i.e. the structure has no higher symmetry than R-3m. At 100 GPa the enthalpy of B2 structure is 0.65 eV higher than that of R3m structure and the enthalpy difference decreases under pressure. Therefore there is a possibility of B2 phase at pressure higher than 150 GPa. With LDA the transition pressure is calculated to be 50 GPa. The structural transition occurs for all the DFT approaches applied, however with varying transition pressure. We hold the GGA results more reliable based on the accurate results obtained for the similar compounds ThN and UN. 14 This high pressure structural behavior of PaN is similar to that of UN though the transition pressure is higher in PaN. GPa. In contrast, the optical modes show normal pressure hardening. The acoustic phonon anomaly reflects the anharmonic energy landscape depicted in Figure 1 and signals the structural instability. Similar high pressure behavior of acoustic phonons was also obtained in our earlier study 28 on Vanadium which undergoes a structural transition (BCC to R-3m) near 60 GPa.
In a cubic crystal system, there are three independent elastic constants C 11 , C 12 and C 44 which describe their elastic properties. Figure 3 shows the pressure variation of elastic constants. The below E F and a doublet to move farther upwards from E F (Figure 4d) . Therefore, the Pa-d
electrons play a crucial role in this structural phase transition. The total and partial density of states (DOS) at E F in NaCl structure decreases under pressure due to band broadening. However, in the R-3m structure the partial f-DOS at E F slightly increases causing an overall increase of the total DOS at E F compared to that in the NaCl structure. Therefore a band Jahn-Teller mechanism 29 which is responsible for B1 to R-3m transition in UN 14 may be ruled out for PaN.
In the Jahn-Teller picture the system may lower its energy through a lattice distortion which causes symmetry related splitting of degenerate narrow bands close to the Fermi level. The energy required to distort the lattice is obtained from the gain in band energy resulting from the reduction of the DOS at the Fermi level which is not happening here. The total DOS at E F for B2 structure calculated at volumes corresponding to ambient and transition pressure are much higher compared to that for NaCl and R-3m structures, which may be the reason for not favoring this structure.
To study the pressure variation of f-occupancy in PaN we have integrated the partial DOSs which show that the d-electron population in the NaCl structure is slightly increase under pressure although the f-occupation remains constant. However it is to be noted that the partial DOS splitting is possible only inside the atomic sphere and hence it may not be very accurate.
To with LDA/GGA do not change the respective LDA/GGA charge density topologies. Hence, the topological transition is obtained primarily due to the presence of charge density gradient related terms in the effective potential in GGA, which appear neither in LDA nor in hybrid approaches.
All approaches are of course approximations to the exact DFT, and it remains a question whether the topological transition in PaN is a real effect. However, it constitutes a distinct example where GGA and LDA lead to qualitatively different results for the ground state electron density of a solid system. Eventually, the truth about the topological transition in PaN can be unveiled only through experiment. In contrast to these conclusions for PaN, the concurrent isostructural and charge topology transitions in Ca, 18 have been found by the present authors to occur also in conjunction in LDA as well as in GGA. Figure 6 presents a charge density iso-surface obtained with LDA and GGA exchangecorrelations at the GGA equilibrium volume with the iso-value corresponding to the charge density at the ring CP (cyan points in Figures 5 and 8) . It is seen that the iso-surfaces at the octahedral hole sites in the LDA case are connected by thin cylindrical surfaces, whereas they are disconnected in the GGA case, and a detached conical surface is present in between them.
The presence of this conical surface is a result of the ring CP at 48g. Figures 7a and b also show the iso-surfaces of the charge density differences, as found with GGA and LDA. It is seen that GGA generally leads to larger densities than LDA close to the atoms, where the charge density is high, whereas LDA leads to larger densities in the interstitial regions, where the charge density is lower, including the region where the ring and cage CPs occur.
As the vibrational and elastic properties of crystal are directly related to its charge density distribution, the pressure induced topological transition may be related to the anomalous phonon and elastic softening. Both metallic and ionic interactions are present in this system. Figure 8 shows the bifurcated Pa-Pa interaction path at ambient pressure for metallic interactions. it is concluded that the topological transition is not responsible for the structural transition.
The pressure induced topological transition in the electronic charge density can be regarded as a quantum phase transition. In this case the distance (l) between the ring CP and the cage CP plays the role of the order parameter, which smoothly goes to zero (figure 9) as the controlling parameter, here pressure, reaches the critical value at the quantum critical point (QCP). The charge density was calculated for different volumes very close to the topological transition and both l and the reduced pressure (p= |P-P c |/P c ) were determined. It was found that l and p obey the scaling law l ~ p 1/δ , where the critical exponent δ in mean field theory has the value 3 for a 3D scalar field. Fitting to this scaling law the value of 1/δ~0.37 was found for a reduced pressure of p=3×10 -6 , i.e. δ is very close to 3.
IV. CONCLUSIONS
The high pressure behavior of PaN has been studied using first principles electronic structure methods and a structural transition from B1 to the R-3m structure was predicted at a pressure of 
